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are still oscillations near the shock with higher order up-
wind schemes and they have to be improved also. There areA high order accurate finite difference method for direct numerical

simulation of coherent structure in the mixing layers is presented. many second-order accurate schemes like TVD schemes
The reason for oscillation production in numerical solutions is ana- which can simulate the shocks with high resolution. Many
lyzed. It is caused by a nonuniform group velocity of wavepackets. existing schemes with high resolution of the shock are
A method of group velocity control for the improvement of the

complicated and expensive.shock resolution is presented. In numerical simulation the fifth-
The purpose of the present paper is to present a methodorder accurate upwind compact difference relation is used to ap-

proximate the derivatives in the convection terms of the compress- for better simulation of the complex flow fields with
ible N–S equations, a sixth-order accurate symmetric compact dif- shocklets. The reason of oscillation production in numeri-
ference relation is used to approximate the viscous terms, and a cal solutions is analyzed. It is because of nonuniform group
three-stage R–K method is used to advance in time. In order to

velocity of wavepacket. In order to improve the shockimprove the shock resolution the scheme is reconstructed with the
resolution the group velocity must be controlled. A methodmethod of diffusion analogy which is used to control the group

velocity of wavepackets. Q 1997 Academic Press of group velocity control is presented. In numerical simula-
tion the derivatives in the convection terms of the N–S
equations are discretized with the fifth-order accurate up-

1. INTRODUCTION wind compact difference approximation (UCDA5) devel-
oped in [9], the derivatives in the viscous terms are discret-

Great achievement has been reached in direct numerical ized with the sixth-order symmetric compact difference
simulation of the coherent structure in flow fields and tur- approximation developed by Lele in [10], and the three-
bulence. Good results which quantitatively agree well with stage R–K method [11] is used to advance in time. Analysis
experiments have been obtained for some typical incom- of the reason for oscillation production and scheme recon-
pressible flow models, and some new mechanisms have struction for a model equation is given in Section 2, applica-
been observed. For many practical applications it requires tion of the method to approximate the N–S equations
understanding compressible turbulent flow. Although di- is presented in Section 3, some numerical examples and
rect numerical simulation of compressible turbulence just computed results of the mixing layers are given in Sections
started in recent years, it developed very fast [1–3] and 4 and 5.
has become one of the important tools for the study of
turbulence. The compressible mixing layer is a good model

2. METHOD DEVELOPMENTfor the study of compressible turbulence [4–8]. The key
point for correctly simulating the unsteady structure of the

For correct simulation of complex flow fields with acomplex flow fields with a range of scales is that the method
range of scales and shocks with limited computer resourcecan capture well the vortices with small scales and shocks.
it is better to use higher order schemes. Oscillations willThe method of simulation must be highly accurate and can
be produced in the numerical solutions of the commonlygive high resolution of the shocks. Spectral/pseudospectral
used high order accurate schemes, including the upwindmethods suffer deficiency in the treatment of discontinu-
compact schemes. In the present paper UCDA5 is usedities which occur in the supersonic flow fields, and the
to simulate the temporally growing compressible mixingfinite difference methods are more popular. The high order
layers. In order to capture shocks well the scheme is modi-accurate centered schemes offer little to no advantage over
fied with the method of diffusion analogy [12].spectral methods in the presence of unresolved high gradi-

ents such as shocks. The upwind-biased schemes are better
2.1. Model Equation and Difference Approximationbecause the spurious waves can be suppressed, but there

For simplicity consider the model equation and its semi-
discrete difference approximation,1 E-mail: fud@ccs.imech.ac.cn.
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e
Dt

Dx2 # 0.5234.

The second derivative can also be considered as a double
first derivative which approximation is obtained from the
sixth-order compact difference relation

AgFj11 1 DgFj 1 AgFj21 5 AaFgd 0
xgj 1 d;A d 0

x(gj11 1 gj21), (2.5)

where d 0
x 5 As(d 1

x 1 d 2
x ). In this case ( fu 5 c 5 0) the stability

condition is

e
Dt

Dx2 # 0.6348. (2.6)
FIG. 1. Variation of amplification factor (e 5 0, time integration—3-

stage R–K, space discretization—UCDA5): 1 2 c(Dt/Dx) 5 0.49; 2 2
The last treatment for the second derivative is used inc(Dt/Dx) 5 0.59; 3 2 c(Dt/Dx) 5 0.69.
computation of the mixing layers. The above stability re-
sults hold only for infinite/periodic domain.

With initial condition u(x, 0) 5 exp(ikx) the exact solu-
tion of (2.1) is­u

­t
1

­f
­x

5 e
­2u
­x2 , fu 5 c, 2y , x , y, (2.1)

u(x, t) 5 exp(2ek2t) exp[ik(x 2 ct)] (2.7)
­uj

­t
1

Fj

Dx
5 e

Sj

Dx2 , (2.2)
With initial condition u(xj, 0) 5 exp(ikxj) we have the
exact solution of (2.2) as follows

where Fj/Dx is an approximation of ­f/­x and Sj/Dx2 is an
approximation of ­2u/­x2. In the present computation the

u(xj, t) 5 expF2ek2 k(2)
d

(kDx)2 t 2
ckr

Dx
tG

(2.8)
first derivative is approximated by the UCDA5 which is
expressed as

expFikSxj 2 c
ki

kDx
tDG.

DgF 6
j 1 SgF 6

j71 5 h;A d7
x (2f 6

j62 1 11f 6
j61 1 47f 6

j 1 3f 6
j71), (2.3)

For the particular schemes analytic expressions for ki, kr,where F 6
j /Dx is the approximation of ­f 6/­x, f 6 5 c6u,

and k(2)
d can be obtained. For the fifth-order upwind com-c1 1 c2 5 c, c1 . 0, and c2 , 0. c1 and c2 are not uniquely

pact difference approximation we have (a 5 kDx)defined. With c6 5 (c 6 ucu)/2 Eq. (2.2) has the smallest
truncation error due to splitting. d 2

x and d 1
x are the 2-point

backward and forward difference operators, respectively. kr 5
2 1 cos(a)[6 cos(a) 2 7 2 cos(2a)]

3[13 1 12 cos(a)]
(2.9a)

In this section only the c 5 c1 case is discussed. The case
c 5 c2 can be discussed in the same way. The semidiscrete

ki 5
2 sin(a)[61 1 15 cos(a) 2 cos(2a)]

6[13 1 12 cos(a)]
. (2.9b)equation (2.2) is solved with the three-stage R–K method.

Variations of the amplification factor uG u in stability analy-
sis versus a 5 kDx (0 # a # f) for the case e 5 0,

For the sixth-order compact difference relation (2.5) wec(Dt/Dx) 5 0.49, 0.59, and 0.69 are given in Fig. 1 from
havewhich the stability condition can be obtained as

ki 5
sin(a)[14 1 cos(a)]

3[3 1 2 cos(a)]
, kr ; 0. (2.9c)

c
Dt
Dx

# 0.5900. (2.4)

For approximation of the second derivative with two times
application of (2.5) we have k(2)

d 5 (ki)2, where ki is ob-The second derivative in (2.1) can be approximated with
the sixth-order accurate compact difference relation for tained from (2.9c). Variations of kr and ki for some differ-

ence approximations are given in Fig. 2 from which it canthe second derivative. For the case fu 5 c 5 0 the stability
condition is be seen that the higher order accurate schemes can capture
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FIG. 2. a. Variation of ki versus a 5 kDx. b. Variation of dki/da versus a 5 kDx. c. Variation of kr versus a 5 kDx.

the smaller structures better. In Fig. 2 is also given the approaches one. For the dissipative schemes kr(kDx)
variation of the group velocity of wavepackets which will damps the amplitude of the Fourier components in the
be discussed later. numerical solutions. The damping rate is different for dif-

ferent k. Nonlinear dependence of ki on kDx leads to non-
2.2. Analysis of Oscillation Production in uniform group velocity which is defined as dki/da in the

Numerical Solutions present paper [17]. This is the reason of oscillation produc-
tion in the numerical solutions. From Fig. 2 it can be seenIn this subsection only the case e 5 0 is considered
that the Fourier components of the physical solution withbecause the spurious waves are produced due to approxi-
lower wave numbers k can be approximated well with ki/mation of the convection term. Suppose we have a N–S
(kDx) p 1, dki/da p 1, and kr/Dx p 0. The wavepacketshock. It means that the solution is sufficiently smooth but
with lower wave numbers have group velocity very closewith a very deep gradient. For this situation the Taylor
to the physical one. When the solutions are smooth theseries can be used everywhere. In numerical simulation of
coefficients of the Fourier components in the numericalN–S shocks with higher order accurate schemes oscillations
solutions tend to zero very fast with increasing wave num-will be produced. The reason for oscillation production is
bers. In this case incorrect approximation of Fourier com-analyzed heuristically. From (2.7) with e 5 0 it can be
ponents with high wave numbers does not influence theseen that all the waves with different k have the same
solution much. For the N–S shock the coefficients of thephase speed and uniform group velocity of wavepackets.
Fourier components with moderate and high wave num-It means that the initial shock given at t 5 0 will keep the
bers are no longer small, and they influence the behaviourshape with the advance of time. From (2.8) it can be seen
of the solution. For the case dki/da , 1 with moderatethat ki is related to the phase speed in solutions of differ-
and high wave numbers the oscillations in the numericalence approximation, kr is related to damping of the differ-
solutions can be seen behind the shock. That is the caseence solutions. ki and kr are functions of kDx. The error
for the second centered and sixth-order compact differencein the solution of difference approximation is different for
schemes (see Fig. 2b). For the case dki/da . 1 with moder-different wave numbers k. The accuracy of the solution

depends on how well kr/Dx approaches zero and ki/(kDx) ate and high wave numbers the oscillations in numerical



4 FU AND MA

solutions can be seen in front of the shocks. For some for UPW. The following group velocity (divided by c) can
be obtained from (2.14a) and (2.15a):schemes there exists koDx such that dki/da . 1 for 0 ,

kDx , (koDx) and dki/da , 1 for koDx , kDx , f. In this
case the oscillations can be seen in both sides of the shocks. CNT:

dki

da
5 cos(a) 1 2s h[sin(a)]2

That is the case for the fifth-order accurate upwind compact
scheme which has koDx 5 2.637 (see Fig. 2b). 1 cos(a)[1 2 cos(a)]j (2.16a)

2.3. Improvements of Shock Solutions with Group
UPW:

dki

da
5 cos(a)[2 2 cos(a)] 1 [sin(a)]2

Velocity Control

The above discussion shows that for improvement of the 1 2s hcos(a)[1 2 cos(a)] 1 [sin(a)]2j.
shock resolution the group velocity of wavepackets in the (2.16b)
numerical solutions must be controlled. From the following
two examples we can see the way for group velocity control. The variations of ki, dki/da, and kr for schemes CNT and
Consider a model equation with periodic boundary condi- UPW versus a 5 kDx with different values of the parameter
tions s are given in Figs. 3 and 4. From the figures it can be

seen that in a wide range of kDx the group velocity can
be controlled by the parameter s. With proper choice of­u

­t
1

­f
­x

5 scDx2 ­3u
­x3 , f 5 cu, c . 0, (2.10)

the parameter s we can get the group velocity higher or
lower than the group velocity of the wavepackets of an

which resembles the modified equation of second-order exact solution in a wide range of the wave numbers. From
accurate semidiscrete approximation only with the leading Fig. 3b and Fig. 4b it also can be seen that the wavepackets
term. For the second-order centered difference approxima- with high wave numbers for the considered schemes always
tion s 5 Ah. Equation (2.10) is approximated with the follow- have lower group velocity, even negative for positive s.
ing second-order semidiscrete approximation From Fig. 3c and Fig. 4c we see that dissipation in the range

of high wave numbers is very large. So the oscillations
produced by the wavepackets with higher wave numbers­uj

­t
1

Fj

Dx
5 sc

d 3
xuj

Dx
2

1
2

uscu
d 4

xuj

Dx
, (2.11)

can be suppressed by the large dissipation. For group veloc-
ity control the parameter s is defined as

where

s 5 s0 sign S­2u
­x2@­u

­xD, s0 . 0. (2.17)
d3

x 5 d 0
xd 2

x, d 4
x 5 d 2

x d 2
x,

d2
x 5 d 1

x d 2
x , d 0

x 5 (d 1
x 1 d 2

x )/2. (2.12) As we know, in front of the shock (­2u/­x2)/(­u/­x) , 0,
and we have slower group velocity with s , 0 defined in

The right-hand side of Eq. (2.11) is obtained from one- (2.17) for all wave numbers. Behind the shock (­2u/­x2)/
side biased difference approximation of ­3u/­x3 according (­u/­x) . 0 we have s . 0. In this case the group velocity
to the sign of sc in (2.10). The following two approxima- of wavepackets in a wide range of wave numbers is higher.
tions are considered: From the above examples we see that a given scheme

can be reconstructed according to the modified equation
CNT: Fj 5 d 0

x fj (2.13a) so that in a wide range of wave numbers the Fourier com-
ponents in the numerical solutions have a faster groupUPW: Fj 5 d f

x fj 5 Asd 2
x (3fj 2 fj21). (2.13b)

velocity of wavepackets behind the shock and a slower
group velocity in front of the shock. Consider the more

With the initial condition u 5 exp(ikxj) the exact solution general case. Suppose we have the following modified
of Eq. (2.11) has the form (2.8), but with k(2)

d 5 0, equation:

ki 5 sin(a)[1 1 2s(1 2 cos(a))] (2.14a) ­u
­t

1
­f
­x

5 Dx O
m

Cm
­mf
­xm , m . 1. (2.18)

kr 5 2usu[1 2 cos(a)]2 (2.14b)

For the UCDA5 C2 5 C3 5 C4 5 C5 5 0, C6 5for CNT, and
12/5(Dx4/6!). Equation (2.18) can be written

ki 5 sin(a)[2 2 cos(a)] 1 2s sin(a)[1 2 cos(a)] (2.15a)
­u
­t

1
­f
­x

5 Dx
­

­x
ẽ

­u
­x

, (2.19)
kr 5 [1 2 cos(a)]2 1 2usu[1 2 cos(a)]2 (2.15b)
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FIG. 3. a. Variation of ki with parameter s for CNT. b. Variation of d(ki)/da with parameter s for CNT. c. Variation of kr with parameter s
for CNT.

where we have

ẽ 5 ẽ2 1 ẽ3 (2.24)
ẽ 5 SO

m
Cm

­m21f
­xm21@­f

­xD c. (2.20)

ẽ3 5 a
­2u
­x2@­u

­x
. (2.25)

Equation (2.19) is called the diffusion analogy equation
and ẽ is called the diffusion analogy coefficient in [12]. ẽ

The modified equation can also be written asis not the physical diffusion coefficient but it is useful to
understand the properties of the numerical solutions. De-
fining, ­u

­t
1

­f
­x

5 Dx
­

­x Sẽ2
­u
­xD1 Dx

­

­x Sẽ3
­u
­xD (2.26)

ẽ2 5 SO
m

C2m
­2m21f
­x2m21@­f

­xD ? c (2.21) ­u
­t

1
­f
­x

5 Dx
­

­x Sẽ2
­u
­xD1 Dx

­

­x Sa
­2u
­x2D. (2.27)

ẽ3 5 SO
m

C2m11
­2mf
­x2m@­f

­xD ? c (2.22)
The coefficient ẽ2 is related with the dissipativity. The
stability requires nonnegativity of the coefficient ẽ2. The
coefficients ẽ3 and a are related with modification of thea 5 SO C2m11

­2mf
­x2mD@­2u

­x2 , (2.23)
phase speed and the group velocity of wavepackets. Equa-
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FIG. 4. a. Variation of ki with parameter s for UPW. b. Variation of d(ki)/da with parameter s for UPW. c. Variation of kr with parameter s
for UPW.

tions (2.22) and (2.23) for the Fourier components exp(ikx) of the shock resolution we have ẽ3 . 0 in both sides of
the shock. ẽ3 . 0 also can be used to control the groupin the case fu 5 c can be expressed as
velocity of the wavepackets in the numerical solutions.

In the present paper the group velocity of wavepackets
ẽ2 5 SO

m
C2m(21)m21k2m22D c (2.28) for UCDA5 is controlled by the diffusion analogy coeffi-

cient as

a 5 SO
m

C2m11(21)m21k2m22D c. (2.29) ­uj

­t
1

Fj

Dx
5

1
Dx

(ej11/2 d 1
x uj 2 ej21/2 d 2

x uj), (2.30)

For improvement of the shock resolution the coefficient
whereẽ3 in (2.26) and a in (2.27) must be controlled. As it was

discussed before for improvement of the shock resolution
e 5 e2 1 e3the coefficient a in (2.27) should be positive behind the

shock and negative in front of the shock. Similar group
andvelocity regulator defined in (2.17) can be used to control

the coefficient a.
e2 5 s6Dx6u­5f/­x5u ucu/(u­f/­xu 1 «), s6 . 0, (2.31a)

Now consider ẽ3 defined in (2.25). According to the sign
of (­2u/­x2)/(­u/­x) and requirement of a for improvement e3 5 s7Dx6u­6f/­x6u ucu/(u­f/­xu 1 «), s7 . 0. (2.31b)
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FIG. 5. Solution of the model equation at the time step N 5 500 (c(Dt/Dx) 5 0.1, Dx 5 1/200): a. 5th-order upwind compact scheme modified
with the method of diffusion analogy; b. 5th-order upwind compact scheme; c. 2nd-order upwind scheme; d. 2nd-order centered scheme; e. 6th-
order compact scheme.

FIG. 6. Solution of the model equation at the time step N 5 500 (c(Dt/Dx) 5 0.1, Dx 5 1/200): a. 5th-order upwind compact scheme modified
with the method of diffusion analogy; b. 5th-order upwind compact scheme; c. 2nd-order upwind scheme; d. 2nd-order centered scheme; e. exact
solution; f. 6th-order compact scheme.
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Introduction of « is to eliminate the singularity. In compu-
tation of the mixing layer s6 5 s7 5 1/64 is used. Introduc-
tion of e2 is to suppress the amplitudes of the oscillations
with high wave numbers, and introduction of e3 is to con-
trol the group velocity so that the wavepackets move to-
ward the moving shock. In computation the derivatives in
(2.31) are approximated as

Dx5 U­5f 6

­x5 U
j11/2

5 ud 4
xF 6

j11 1 d 4
xF 6

j u/2 (2.32a)

Dx6 U­6f 6

­x6 U
j11/2

5 ud 4
xF 6

j11 2 d 4
xF 6

j u (2.32b)

d 4
xF 6

j 5 F 6
j12 2 4F 6

j11 1 6F 6
j 2 4F 6

j21 1 F 6
j22 (2.32c)

U­f 6

­x Uj11/2
5 SU­f 6

­x Uj11
1 U­f 6

­x Uj
D@2 (2.32d)

Dx U­f 6

­x Uj
5

1
16

(uF 6
j12u 1 4uF 6

j11u 1 6uF 6
j u

1 4uF 6
j21u 1 uF 6

j22u) (2.32e)

where F 6
j is obtained from (2.3).

3. DIFFERENCE APPROXIMATION OF THE
N–S EQUATIONS

3.1. Governing Equations and
Coordinate Transformation

FIG. 7. Solution of the nonlinear Burgers equation with modifiedThe 2D dimensionless compressible N–S equations for
2nd-order centered scheme: a 2 t 5 2/f; b 2 t 5 1.1.the perfect gas in the vector form can be written as

­U
­t

1
­f1

­x
1

­f2

­y
5

­V1

­x
1

­V2

­y
, (3.1)

Here 2Ly , y , Ly is the computational region in the
normal direction, and b is a stretch parameter.

where the terms on the right-hand side are the viscous
3.2. Difference Approximationterms and f1 and f2 are the flux vectors corresponding to

the x and y coordinate directions, respectively. For conve- As was mentioned the three-stage R–K method is used
nience rewrite (3.1) into a short form, in advance of the time. The second derivatives in the vis-

cous terms are discretized by two times the application of
sixth-order accurate compact difference approximation of­U

­t
5 L(U). (3.2)

the first derivative.
The flux vector splitting technique, f1 5 f 1

1 1 f 2
1 , f2 5

In order to get fine solutions near the central line of f 1
2 1 f 2

2 , is used for the flux vectors [13]
the mixing layer the following coordinate transformation
is used: f 6

k 5 A6
kU, A6

k 5 S21
k `6

k Sk, k 5 1, 2, (3.4)

t 5 t where Ak is the Jacobian matrix corresponding to the flux
vector fk, Sk is the matrix consisted of the left eigenvectorsj 5 x (3.3)
of the matrix Ak, `6

k is the diagonal matrix with elements
l6

k with Buning–Steger regularization in computation ofh 5
1

tanh(b)
tanh S b

Ly
yD.

the mixing layer, and lk are the eigenvalues of the matrix
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At boundary points in the y direction second-order accu-
rate difference approximations are used, for example, for
the first component f 1

2,1 of the split flux vector f 1
2 at the

lower boundary j 5 1 we have

Fj ( f 1
2,1)uj51 5 (3d 1

y f 1
2,1uj51 2 d 1

y f 1
2,1uj52)/2. (3.7)

3.3. Modification with the Method of Diffusion Analogy

The group velocity of wavepackets is controlled with the
method of diffusion analogy. According to the modified
equations of the difference approximations of the N–S
equations we can get the following equations of diffu-
sion analogy,

­U
­t

5 L(U) 1 D
(3.8)

D 5 D1
x 1 D2

x 1 D1
y 1 D2

y ,

where D1
x , D2

x , D1
y , and D2

y have similar expressions and
can be obtained easily, for example,

FIG. 8. Solution of the nonlinear Burgers equation with modified
4th-order centered scheme: a 2 t 5 2/f; b 2 t 5 1.1.

Ak. The split terms (­/­x) f 6
1 and (­/­y) f 6

2 are discretized
with the fifth-order upwind compact approximation (2.3).

Periodic boundary conditions are used in the x direction.
Suppose the boundaries in the y direction are located far
away from the central line of the mixing layer. At these
boundaries the flow is almost uniform and lower order
accurate approximations are used.

At the points next to the boundaries in the y direction
the third-order upwind compact difference approximations
for the convection terms are used [9],

SdF 6
j 1 AdF 6

j71 5 Ghd 7
y gj 1 Ahd 6

y gj , (3.5)

where d2
y and d1

y are 2-point backward and forward differ-
ence operators in the y direction, respectively. In the com-
putation of derivatives of the viscous terms at these points
the following fourth-order compact difference approxima-
tion is used:

FIG. 9. Solution of 2D linear equation with modified 4th-order cen-
AhFj11 1 SdFj 1 AhFj21 5 d 0

y gj . (3.6) tered scheme at y 5 0: a 2 t 5 2; b 2 t 5 16.
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Results with the initial conditions
D1

x 5 Dx
­

­x F(M 1
x,2 1 M 1

x,3)A1 ­U
­xG,

where A1 is the Jacobian matrix ­f 1
1 /­U and M 1

x,2 and u(x, 0) 5 51, 0 # x ,
5
12

,

0,
5
12

# x # 1,

(4.1b)
M 1

x,3 are diagonal matrices with elements

(M 1
x,2)k 5 O

m
C2m

­2m21f 1
1,k

­x2m21 @­f 1
1,k

­x
(3.9a)

at time step N 5 500 (Dt/Dx 5 0.1, Dx 5 1/200) are given
in Fig. 5. It can be seen that the oscillations are behind
the shock for the symmetrical difference approximations(M 1

x,3)k 5 O
m

C2m11
­2mf 1

1,k

­x2m @­f 1
1,k

­x
. (3.9b)

because of the slower group velocity of wavepackets for all
wave numbers (Figs. 5d, e). For the second-order upwind
scheme (Fig. 5c) the oscillations are produced in front ofFor the difference approximations of the N–S equations
the shock because of the higher group velocity for thewith UCDA5 for the convection terms the equations
wavepackets with moderate wave numbers (see Fig. 4b for
s 5 0). The oscillations are not noted behind the shock

­U
­t

5 L(U) 1 D (3.10a) because of dissipation. For the UCDA5 the oscillations
with small amplitudes are on both sides of the shock. The
small amplitude is because of dissipation of the scheme

are used to reconstruct the difference approximations, for the moderate and high wave numbers. The oscillations
where on both sides of the shock are caused by higher group

velocity of the wavepackets with moderate wave numbers
D 5 D1

x 1 D2
x 1 D1

y 1 D2
y , (3.10b) and slower group velocity of the wavepackets with high

wave numbers. Figure 5a shows the results obtained with
modified UCDA5 expressed in (2.30) and (2.31). It can beD1

x 5 Dx
­

­x F(M 1
x,2 1 M1

x,3)uA1
1 u ­U

­xG. (3.10c)
seen that the shock resolution is much improved. In Fig.
6 results with the same schemes are shown at step N 5
500 with the periodic initial conditions(M 1

x,2 1 M 1
x,3) are diagonal matrices with the elements

sin(x, 0) 5 sin(2fkx), k 5 10, 0 # x # 1. (4.1c)
(M 1

x,2 1 M1
x,3)k 5 Dx6 Hs6u­5f 1

1,k/­x5u 1 s7u­6f 1
1,k/­x6u

u­f 1
1,k/­xu 1 «

J,
From Fig. 6 it can be seen that the dissipation of the three-
point second-order upwind scheme is too large (see Fig.(3.11)
6c). From Figs. 6c and d compared with the exact solution
in Fig. 6e near the point x 5 0 it can be seen that the phasewhere s6 and s7 are positive constant parameters as in
errors are very large for the low accurate schemes. With(2.31). The derivatives for each component f 1

1,k of the split
modification of the scheme the shock resolution is im-flux vector f 1

1 are approximated as for the scalar case ana-
proved (Fig. 5a) but new truncation error is introduced.lyzed in Subsection 2.3. For obtaining (3.11) only the lead-
From Fig. 6a, compared with the exact solution Fig. 6eing terms in (3.9) are used. For simplicity of computation,
near x 5 0, it can be seen that the influence of the newlythe matrix uA1u is replaced by a diagonal matrix with ele-
introduced error on the phase speed is negligible.ments uuu 1 c. Similar expressions for D2

x , D1
y , and D2

y can
be obtained easily. EXAMPLE 2. The second- and fourth-order centered

difference approximations modified with the method of
4. NUMERICAL EXAMPLES FOR MODEL EQUATIONS diffusion analogy, combined with three-stage R–K time

discretizations, are used to solve the nonlinear Burgers
EXAMPLE 1. The above-presented method with control equation with periodic initial conditions [11],

of group velocity, combined with the three stage Runge–
Kutta type TVD time discretization [11], is used to solve
the linear simple wave equation ­u

­t
1

­

­x Su2

2 D5 0, 21 # x # 1, (4.2a)

u(x, 0) 5
1
4

1
1
2

sin(fx), 21 # x # 1. (4.2b)
­u
­t

1
­u
­x

5 0. (4.1a)
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FIG. 10. a. Variation of dm vs time t for Mc 5 0.2, ..., is obtained from [16]. b. Variation of kE9l vs time t for different Mc.

The exact solution is smooth up to t 5 2/f; then it develops of f/4 (seen [11, 18]). This example is used to study the
amount of smearing of contact discontinuities of thea moving shock which interacts with the rarefaction waves.

Figure 7 shows results with the modified second-order ac- method. Periodic conditions are used at the boundaries of
the computational region. The computed results with thecurate centered scheme at t 5 2/f and t 5 1.1. In computa-

tions the parameter s0 5 0.5 in (2.17) is used. Figure 8 modified fourth-order centered scheme are given in Fig. 9
for y 5 0 at t 5 2 (after one period in time) and t 5 16shows the results with modified fourth-order centered

scheme with s0 5 0.1 at t 5 2/f and t 5 1.1. From the (after eight periods in time). In computations s0 5 0.05
and Dx 5 0.1 are used. From the figures we see asymmetryfigures it can be seen that the shock solutions are improved

with the newly presented method which is much simpler of the solution as in [11]. The smearing of the contact
discontinuities is a little larger than 4-4-LF-ENO in [11].than the method in [11].
This is because of the reduction of accuracy of the method

EXAMPLE 3. We use the same schemes as in Example
near the extremal points. It can be improved with large «

2 to solve a linear problem
in (2.31).

­u
­t

1
­u
­x

1
­u
­y

5 0, 21 # x, y # 1, (4.3a)

5. NUMERICAL SIMULATION OF COMPRESSIBLE
MIXING LAYERS

u(x, y, 0) 5 H1, if (x, y) [ S,

0, if (x, y) [ S,
(4.3b)

5.1. Initial and Boundary Conditions

The temporally growing compressible mixing layerswhere S 5 h(x, y) : ux 2 yu , 1/Ï2, ux 1 yu , 1/Ï2j is a
unit square centered at the origin and rotated by an angle are simulated numerically. The initial conditions consist

TABLE 1

Characteristic Time Tnp and Tns

2D 3D

Characteristics My 5 0.2, Re 5 400, My 5 0.2, Re 5 400,
time Incompressible three pairing Incompressible one pairing

Tp1 21.5 20.17 21.5 21.6
Tp2 47.0 46.17
Tp3 103.7 107.81
Ts1 32.0 32.66
Ts2 66.7 66.33

Note. Tnp, the nth pairing time of the rollers; Tns, the time at which the vorticity from the spiral arms comes back into the braid region.
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FIG. 11. a. Vorticity contours for Mc 5 0.8 at different time: A—T 5 32.00, gmin 5 20.50, gmax 5 20.026, Dg 5 0.020; B—48.00, gmin 5 20.50,
gmax 5 20.026, Dg 5 0.020; C—72.00, gmin 5 20.60, gmax 5 20.026, Dg 5 0.024; D—111.94, gmin 5 20.40, gmax 5 20.026, Dg 5 0.016. b. Density
contours for Mc 5 0.8 at different time: A—T 5 32.00, B—T 5 48.00, C—T 5 72.00, D—T 5 111.94.

of a parallel mean flow with a hyperbolic tangent u 5 A[B 1 tanh(by)], b . 0, (5.1)
profile plus perturbation of the velocity components. v 5 0
The mean profile of the velocity is specified by the rela-
tions A 5

u1 2 u2

2
, B 5

u1 1 u2

2
,
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FIG. 11—Continued

where u1 and u2 are the upper and lower uniform stream-
T 5 1 1 M 2

1
c 2 1

2
(1 2 u2), (5.2)

wise velocity components respectively. In the present com-
putation u1 5 2u2 5 1 and b 5 1 are used. With the
Prandtl number of unity the mean temperature profile is where M1 is the Mach number corresponding to the upper

far flow field. T 5 1 is also used for the case with smallspecified as
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convective Mach number Mc which is defined by the rela- disturbances are not added to the static pressure and tem-
perature. The flow is unstable to small disturbances.tion [14]

The fluctuation of a function w is defined as
Mc 5 (u1 2 u2)/(c1 1 c2), (5.3)

w9(x, y) 5 w(x, y) 2 w(y), (5.7)
where c1 and c2 are the sound speed in the upper and lower

where w is obtained from (5.5). The fluctuating kineticfar flow field, respectively. In the present computation
energy is defined asc1 5 c2 and M1 5 M2. Pressure is assumed uniform initially

so the mean density profile can be obtained directly from
the temperature profile. Sutherland’s law is used to com-

E 9c(x, y) 5
1
2 FSru9

r
D2

1 Srv9

r
D2G (5.8)pute the viscosity coefficient. The Reynolds number is

based on half the initial vorticity thickness of the mixing
layer, half the velocity difference across the layer, and the and its global amplitude is defined as
free-stream viscosity.

The measure of the width of the mixing layer is the
kE9cl 5

1
LxLy

E
LxLy

E9c(x, y) dx dy. (5.9)vorticity thickness which is computed based on the mass-
weighted velocity profile

The mesh grid system is IN 3 JN 5 200 3 200 for Mc 5
0.2, and IN 3 JN 5 502 3 156 for the case Mc 5 0.8. Thedg(t) 5

u1 2 u2

u(d/dy)(ru/r)umax
, (5.4)

UCDA5 with modification mentioned in Subsections 3.2
and 3.3 is used to approximate the convective terms in the

where r and ru are computed using integral spatial average N–S equations, the sixth-order compact difference approx-
in the x direction defined by imation is used for the viscous terms, and the three-stage

R–K time discretization is used to advance in time.
w(y) 5

1
Lx

ELx

0
w(x, y) dx, w 5 r, ru; (5.5)

5.2. Computation for Convective Mach Number
Mc 5 0.2

0 # x # Lx is the computational region in the x direction.
For validation of the method the case Mc 5 0.2 withThe initial perturbation of the velocity components are

three-pairing is computed in order to compare with thedescribed by
results of incompressible mixing layers. With these initial
conditions the flow loses its stability and eight orderly

u9 5 oj «j hf9aj,r
(y) cos(aj x) 2 f9aj,i

(y) sin(aj x)j
(5.6)

located rollers are soon formed. After a while the thickness
of the viscous layers enlarges and the growth of the pertur-

v9 5 oj «j hfaj,r
(y) sin(aj x) 2 faj,i

(y) cos(aj x)j aj , bation of the first subharmonic becomes obvious. The ef-
fect of nonlinearity leads to vortex pairing. The variations

where the wave number a1 5 0.4446 corresponds to the of the moment thickness dm for Mc 5 0.2, and the global
most unstable mode obtained from the linear inviscid flow amplitude of the fluctuation kinetic energy kE9cl versus time
analysis given by Michalke [15]. fa1,r and fa1,i are the real t are given in Fig. 10 from which it can be seen that the
and imaginary parts of the corresponding eigenfunction growth rate decreases with increasing the convection Mach
for the stream function. f9a1,r and f9a1,i are derivatives of number. From Fig. 10a we also can see that the variation
fa1,r and fa1,i with respect to y. fa2,r and fa2,i are the eigen- of the moment thickness for Mc 5 0.2 agrees well with the
functions corresponding to the wave number a2, and results in [16]. For comparison, in Table 1 the characteristic
f9a2,r, f9a2,i are their first derivatives. faj,r

and faj,i
are nor- time Tnp and Tns, obtained in the present computation, are

malized. The coefficients «1 5 «2 5 «3 5 «4 5 0.05 are used given (Tnp is the nth pairing time of the rollers and Tns is
for the case of three-pairing. For formation of three-pairing the time at which the vorticity from the spiral arms reenter
the following wave numbers are chosen the surviving braid region after the nth pairing [16]). In

the table are also given the corresponding results for the
a1 5 0.4446, a2 5 Asa1, a3 5 Afa1, a4 5 Aka1. incompressible mixing layers in [16]. We see that they agree

well with each other. From the above-presented results it
can be seen that the flow characteristics for the compress-The domain of computation is 0 # x # 16f/a1 , 212f/a1

# y # 12f/a1. The purpose of the paper is to consider the ible mixing layers with small Mach number, Mc 5 0.2, are
basically similar to those for the incompressible mixingapplicability of the newly developed method for capturing

the shock and the small structures in the flow fields. The layers.
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5.3. Computation for Convective Mach Number
Mc 5 0.8

Experiments show that the growth rate of the mixing
layer decreases with increasing the convective Mach num-
ber. The same trend is obtained from the present numerical
simulation (see Fig. 10b). The vorticity and density con-
tours for Mc 5 0.8 at different characteristic times are
given in Fig. 11. From these figures we see that the flow
field structures for Mc 5 0.8 are different from those for
the smaller Mc due to compressibility. In the process of
pairing the shocks change their intensity and shape. As
the number of rollers the number of shocks is halved at
each pairing (see Fig. 11b). In Fig. 12 the streamwise varia-
tions of the pressure and the local Mach number at the
time of third pairing along y 5 11.2 are given (near the

FIG. 12. Streamwise variations of the pressure and Mach number atupper-left vortex center shown in D of Fig. 11a). From the
y 5 11.2 at the time of third pairing.

figure we see decreasing the pressure in the expansion
region, the pressure plateau near the upper-left vortex
center, and suddenly increasing the pressure across the to simulate the compressible mixing layers. The new
shock. The local Mach number before the shock is about method is useful for both capturing the shocks and the
1.4. The strength (change in pressure divided by the initial flow fields with small scale structures.
pressure) at the time of third pairing t 5 112 is equal to
0.97. From the complex flow field with shock structures it ACKNOWLEDGMENTS
can be seen that high resolution of unstationary shocks

This work is supported by the National Natural Science Foundationcan be obtained using the newly developed high order
of China and the National Basic Research Project.accurate method.
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